VACATIONRESEARCH  Set2 1775,

2 SCHOLARSHIPS 2021-22 ' 7pis fummer

Hecke Algebra Representations
through the KZ-Functor

Muhammad Haris Rao
Supervised by Dr. Yaping Yang and Prof. Arun Ram

The University of Melbourne

AMSI

WAMS| c o N N E c T



 VACATIONRESEARCH
< SCHOLARSHIPS 2021-22
Complex Reflection Groups

Imagine a reflection s across a
: hyperplane in a complex vector
e space.
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Complex Reflection Groups

Imagine a reflection s across a
hyperplane in a complex vector
space.

Reflect across another reflection r.
The composition of these two
symmetries of the plane is called rs
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Complex Reflection Groups

Imagine a reflection s across a
hyperplane in a complex vector
space.

Reflect across another reflection r.
The composition of these two
symmetries of the plane is called rs
A collection of transformations of a
space, each generated by a common
set of reflections is called a complex
reflection group
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Symmetries of a Pentagon
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Symmetries of a Pentagon
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@ Start with a basepoint ag.

@® Reflect across the reflection
- 55 axes ag.
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Symmetries of a Pentagon

@ Start with a basepoint ag.

@® Reflect across the reflection

S2 - 55 axes ap.

© Reflect all the reflections of
ap across the axes.

7 Sap | v
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Symmetries of a Pentagon

S14

@ Start with a basepoint ap.

s @® Reflect across the reflection
axes ag.

Sy .

Sadp

4

© Reflect all the reflections of
agp across the axes.

These symmetries are a complex
reflection group. The ten points are
the orbit of ag.

8 S>dp i
S3 ] Sy

Doing the same for each n-gon, we obtain the dihedral groups.
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Algebras and Modules

An algebra is a vector space with a multiplication. For example, End(V') for
vector space V.
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Algebras and Modules

An algebra is a vector space with a multiplication. For example, End(V') for
vector space V.

Given a complex reflection group, the group algebra C[W] is the algebra
generated by {T,, | w € W} with relations T, Ts = Tys.
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Algebras and Modules
An algebra is a vector space with a multiplication. For example, End(V') for

vector space V.

Given a complex reflection group, the group algebra C[W] is the algebra
generated by {T,, | w € W} with relations T, Ts = Tys.

A module over an algebra is a homomorphism from the algebra to End(E)
where E is some complex vector space.

A module over the group algebra is called a W;,-module.
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The Knizhnik-Zamolodchikov Functor

Hecke algebras and rational Cherednik algebras are two algebras associated
to a complex reflection group.
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The Knizhnik-Zamolodchikov Functor

Hecke algebras and rational Cherednik algebras are two algebras associated
to a complex reflection group.

Deform

{Win-modules} ~AAnA~>  {RCA-modules} AN {Hecke—modules}

Induction
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The Knizhnik-Zamolodchikov Functor

Hecke algebras and rational Cherednik algebras are two algebras associated
to a complex reflection group.

{ Whin- modules} {RCA-modules} AN {Hecke—modules}

Induction

We will mainly discuss the conversion from Wj,-modules to Hecke-modules
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Monodromy

Imagine two flies on two different spaces, and the direction and speed of the
second fly depends on the positions of both flies.
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Monodromy

Imagine two flies on two different spaces, and the direction and speed of the
second fly depends on the positions of both flies. Suppose the first fly
begins to move along a continuous path.
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Monodromy

Imagine two flies on two different spaces, and the direction and speed of the
second fly depends on the positions of both flies. Suppose the second fly is
standing at some point, and the first fly begins to move along a continuous

path.

How does the second fly move as a function of the first's position?
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More precisely, the first space is meant to be the vector space V on which
the complex reflection group acts by reflections, and the second is supposed
to be any representation E. If the position in the first space is written as

(x1,-++ ,xn), and the position in the second space is written as

(fi, fay -+, fq), the motion is described by a system of differential equations
of;
i X0 XN F Foe  F
aXJ (pl,j( 1, X2, s AN 115 12, 5 d)

where i € {1,2,--- ,d} and j € {1,2,--- , N}, with some initial condition to

specify where the flies start.




W VACATIONRESEARCH
Z SCHOLARSHIPS 2021-22

More precisely, the first space is meant to be the vector space V' on which
the complex reflection group acts by reflections, and the second is supposed
to be any representation E. If the position in the first space is written as

(x1,--+ ,xn), and the position in the second space is written as

(fi, fay- -+, fy), the motion is described by a system of differential equations
of
i, £ fo.o. f
6XJ Qol,j (X17X2a s XN, T1, 12, 5 d)

where i € {1,2,--- ,d} and j € {1,2,--- , N}, with some initial condition to

specify where the flies start.

The differential equations come from the rational Cherednik algebra of the
group. It is dependent on the representation E being used, and a complex
parameter for each conjugacy class of reflections in the group.

VAMSI
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Deforming the Complex reflection Group

Recall a complex reflection group is composed of some transformation of
the space. One can deform the transformations using monodromy described
above to get a new collection of transformations.

A complex reflection group W acts by reflections on some space V. It can
also transform another E, but for simplicity we can take E = V with the
same reflection actions. We will deform the transformations on E to get a

Hecke-module.
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Let p be a point in E, and choose a
basepoint ag € V. We will define
Vi the transformed action T on p.

an e

KZ
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v

KZ
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sap

J
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Let p be a point in E, and choose a
basepoint ap € V. We will define
the transformed action T on p.

The rational Cherednik algebra gives
us a rule for how a path from ag to
sag in V corresponds to a path from
p to some endpoint p’ in E.
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Let p be a point in E, and choose a
basepoint ap € V. We will define
the transformed action T on p.

The rational Cherednik algebra gives
us a rule for how a path from ag to
sag in V corresponds to a path from
p to some endpoint p’ in E.

Act upon p’ by s




‘D VACATIONRESEARCH
Z SCHOLARSHIPS 2021-22

Let p be a point in E, and choose a
basepoint ap € V. We will define
the transformed action T on p.

The rational Cherednik algebra gives
us a rule for how a path from ag to
sag in V corresponds to a path from
p to some endpoint p’ in E.

Act upon p’ by s

This final point will be Tp, the
deformed action for the Hecke
algebra
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Case of Odd Dihedral Groups

If sp, S, ,Sp—1 are the reflections of D, then the irreducible
representations are p, with 0 < j < n/2 and

0 e27rji/n
Pj(sk) = (e—27rji/n 0 )

All reflections are conjugate, so there will be a single complex parameter
¢o € C in the differential equations.
Recall that the differential equations are of the form

%
9%

= Wi,j(XlaX2a"' 7XN7ﬂaf27"' 7fd)
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Case of Odd Dihedral Groups

o
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nco n—1 n—1 X1
n o fi + X5 N f2
x{' — X3 X

nC0X1 X2 J
ol =) h—F
X1 — X X1
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Case of Symmetric Group

The irreducible representations of S, are quite intractable, so we work with
just the alternating, permutation and regular representations. The
generating reflections are all conjugate, so there is again a single complex
parameter ¢y € C.
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Case of Symmetric Group

The irreducible representations of S, are quite intractable, so we work with
just the alternating, permutation and regular representations. The
generating reflections are all conjugate, so there is again a single complex
parameter ¢y € C.

For the alternating representation, the differential equations are

= 2¢f
an 0 ;Xg—xk

where k € {1,2,--- , n}.




‘D VACATIONRESEARCH
Z SCHOLARSHIPS 2021-22

In the case of the permutation representation, it is

of;
6Xk XK —

of;
%—co;m(—ﬁ-i-ﬁf)

( fi + i)

where i,k € {1,2,--- . n},i # k.
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In the case of the permutation representation, it is

of;

an XK —

of; 1
8_)(’-_CO;X,‘—X[ (_f;‘i_ff)

( fi + i)

where i, k € {1,2,--- ,n},i # k.
And for the regular representation,

n n £
g—)f(i = —Cofg Z L + ¢ Z —(é,k)a

X — X, X — X
(=104k KT o=1,0k KT M

with k € {1,2,--- . n}, o € S,.
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